Abstract-This paper proposes a swinging-up and stabilization method for inverted pendulums based on a pendulum oscillation model. A normalized oscillation model is derived by using only one model parameter, i.e., the natural frequency of a pendulum. As a control strategy, energy-based control with a normalized energy model is utilized for the swinging-up from the pendant position. For the stabilization of the pendulum at the upright position, variable structure system (VSS) type adaptive control is designed through the linearized oscillation model. Validity of the proposed method has been confirmed by simulation of an inverted pendulum on a cart. Swingingup and stabilization control was realized by using only the natural frequency of the pendulum, and the proposed method was also confirmed to be robust against parameter perturbation for the natural frequency. Stability of the designed controller was proven for a given condition that angular velocity of the pendulum has an upper bound.
I. INTRODUCTION
It is known that an inverted pendulum system, which is a typical underactuated mechanical system, is suitable for verifying new control theories. Usually control purpose of an inverted pendulum is to stabilize it at the upright position. For swinging-up control of the pendulum from the pendant position to the upright position, nonlinearity should be considered. To design controllers for swingingup and stabilization, a dynamic model of the pendulum is usually required, and it is necessary to know the model parameters. In designing advanced controllers, it is desirable to reduce the number of model parameters to be identified from a viewpoint of reducing affect of the identification and modeling errors. Adaptive control is known to be an alternative to solve the modeling error problem [1] [2] . For the swinging-up of the inverted pendulum, energy-based control, which is one of the effective strategies to handle nonlinearities, was proposed by Astrom and Furuta [3] , and many results for underactuated systems have been reported [4] [5] [6] [7] . This method focuses on energy of the pendulum oscillation model. In [3] , it is also shown that the oscillation model and energy of the pendulum are derived as functions N In this paper, a swinging-up and stabilization method of inverted pendulums is proposed using the pendulum oscillation model. The pendulum's natural frequency can be easily derived from the pendulum oscillation period. This oscillation model is used to design controllers for both the swinging-up and stabilization of the pendulum. By using the pendulum oscillation model derived only from the natural frequency, the proposed method can stabilize the whole states of the pendulum system. The proposed method essentially uses two controllers. One is an energy-based controller using a normalized energy to swing up the pendulum. The other is a variable structure system (VSS) type adaptive controller for the linearized oscillation model to stabilize the pendulum system near the upright position. Stability of the proposed method is analyzed for the inverted pendulum on a cart, and the effectiveness is confirmed by simulation.
In Section II, a normalized oscillation model and an energy model are defined. An inverted pendulum system is modeled in Section III. Section IV proposes a controller design based on the oscillation model for swinging-up and stabilization. In Section V, the proposed controller design is validated by simulation. In Section VI, the stability of designed controllers is analyzed.
II. NORMALIZED OSCILLATION MODEL AND NORMALIZED ENERGY MODEL
In this section a normalized oscillation model and a normalized energy model are defined by using the natural frequency of a pendulum. Figure 1 shows the pendulum model and Table I lists the model parameters. The equation of motion of the pendulum-link shown in Fig.  1 is given by
where u a is the input acceleration. Hereinafter, this equation of motion (1) is referred to the oscillation model of pendu- 
Note that the potential energy becomes zero at the upright position (θ = 0). Divide (1) by mgl to get the normalized oscillation model
where ω = mgl/J is the natural frequency of the pendulum. The normalized energy model of (3) is also given by
This paper presents a controller design method that is focused on the normalized pendulum model (3) and the normalized energy model (4).
III. MODEL OF INVERTED PENDULUM ON A CART
In this section, an equation of motion of an inverted pendulum on a cart is derived by using Euler-Lagrange method. The inverted pendulum on a cart is illustrated in Fig.  2 . Table II lists the model parameters.
T , the Lagrange equation is given by 
where L (= T − U ) is the Lagrangian, T is summation of the kinetic energy of the cart and the pendulum, and U is summation of the potential energy. Using (5), the equation of motion can be derived as follows:
2 ) is the moment of inertia around the pivot, M (θ) is the inertia matrix, h(θ,θ) is the combination term of centrifugal, Coliolis and frictional forces and G(θ) is the gravity term.
If all the physical parameters are given,q can be calculated byq
Hence, the acceleration of the cartẍ and the input force to the cart u satisfy the following relation:
Note that g 0 > 0 for all θ,θ. By deriving the nonlinear feedback law u rewriting (8), it is possible to directly design the acceleration input. This means that the controller can be designed from the normalized oscillation model (3). However, it is difficult to exactly identify all the parameters. Thus, this paper proposes a controller design method using only the natural frequency of pendulum. The following section gives a controller design using the normalized oscillation model.
IV. CONTROLLER DESIGN In this section, swinging up and stabilization controllers based on the normalized oscillation model and normalized energy model are designed. In the proposed design, around the upright position, a stabilization controller based on VSS type adaptive control is used, and in the other state apart from the upright position, a swinging-up controller is applied. Swinging-up and stabilization control are realized by switching the above two controllers. Switching condition is decided by the pendulum angle.
A. Swinging-Up Controller
From (3), the normalized oscillation model of the inverted pendulum on a cart can be described as
where ω is the natural frequency. Similarly, the normalized energy model is given by
From (9) and (10), the derivative of E n iṡ
Consider the following Lyapunov function candidate (12) for the normalized energy
where E n0 is the desired energy. From (11) and (12), we obtainV
Substituting (8) into (13), the derivative of V is rewritten aṡ
Thus, the control input is designed as
where α is defined in (13) and K is a gain. In the control law (15), the model parameter needed is only the natural frequency of the pendulum. Substituting (15) into (13),V p becomesV
In (15), if the gain K satisfies the condition
V p becomes semi-negative definite. Since the horizontal positions of the pendulum at θ = ±π/2 are not an equilibrium point, cos θ cannot be continuing to be zero. Then, the control law (15) drives the normalized energy E n to a desired value E n0 , and this means that the pendulum is swung up.
B. Stabilization Controller
A stabilization controller based on VSS type adaptive control, which is proposed by Yamakita and Furuta [2] , is applied for stabilizing the pendulum near the upright position.
1) Stabilization of Pendulum:
When the pendulum energy is close to the desired energy by energy control, near the upright position, the angle and angular velocity of the pendulum θ,θ can be assumed to be small enough. The mass of cart is also assumed to be large enough, then the terms of the dynamics of the pendulum in (8) is regarded to be negligible small. Therefore, (8) is approximately rewritten asẍ = u/(M + m). Under the assumptions, (9) is linearized at the upright position (θ = 0,θ = 0). Then we can obtain
where a = g(M + m). Define an estimation errorã bỹ
whereâ denotes the estimate of a. Reference value for the angle of the pendulum θ is denoted by r, then the tracking error e is given by
Define the switching function s as
Then, the time derivative of s becomeṡ s =θ −θ r (22) θ r =r − hė.
Consider the following Lyapunov function candidate
The time derivative of V u is given bẏ
Choose the control law as
From (24) and (25),V u iṡ
The adaptive law that makes the second term of (26) to be zero is given bẏ
Then,V u becomesV
Consequently, the system states reach the sliding surface (s = 0) in finite time. The tracking error e converges to zero because the sliding surface is stable.
2) Design of Reference:
The stabilization controller designed in the above section stabilizes only the pendulum angle, then the displacement of the cart should be controlled by another method. The reference r for the pendulum angle that stabilizes the displacement and velocity of the cart should be designed. While the controller makes the pendulum angle track the reference r, the cart states can be simultaneously stabilized. In this section, stable reference angular accelerationr that stabilizes the cart is designed. When states of the controlled system track the reference, (3) can be rewritten asẍ
where the gravity acceleration g is assumed to be given. Defining the state vector z = [xẋ rṙ] T , which is composed of the states of the cart and reference, the state equation is given byż
where
Consider a quadratic criterion function
where Q and R are the weighting matrices. The optimal inpuẗ r minimizing (31) is given bÿ
where F is a feedback gain vector. The matrix P in (32) is the solution of the Riccati equation
C. Switching Condition of Two Controllers
The swinging-up and stabilization control is realized by switching the above two controllers depending on the pendulum angle. Because the VSS type adaptive controller is designed for the linearized model, the effective area in the phase plane is limited. On the other hand, energy control works for all the state range while it is difficult to stabilize the state. Thus, the switching condition is set as follows:
where θ sw are the switching angle. To eliminate the chattering, small constant values μ and are added to the control laws (15) and (25), respectively. In the switching control law (34), only the pendulum's natural frequency ω is needed in designing the controllers. 
V. SIMULATION
The proposed controller is evaluated by simulation for an inverted pendulum on a cart. Furthermore, in order to verify a robustness for the parameter perturbation, this section considers the case of using the controller with different values from the true value of ω. Simulation parameters of the inverted pendulum system are listed in Table III . The natural frequency ω of the pendulum for the parameters in Table III  is 1, 10, 1) , R = 1. The stability analysis for the gain K is discussed in Section VI. The initial condition of estimation valueâ is set to be 0.2a. It is assumed that all the states are assumed to be measured in this simulation.
A. Nominal case
This section shows the case of the controller using the true value of ω.
Figs. 3 to 7 show the simulation results. From Fig. 3 , the pendulum goes up to the upright position (θ = 0[rad]). Fig. 4 shows that the normalized energy is pumped up until the reference value, and the normalized energy is settled into zero. Fig. 5 shows that the displacement of the cart converges to zero after the pendulum angle is stabilized. The control input becomes large when the pendulum swings up, and after the pendulum reaches the upright position, the control input converges to zero (Fig. 6) . In Fig. 7 , it is shown that the reference accelerationr is generated from 2.2[sec] after the stabilizing controller is activated. Then the generated reference accelerationr converges to zero.
B. Perturbed case
To evaluate the proposed controller for parameter perturbation, we now consider the situation that is usingω that is different from the true value of ω. If ω >ω, the pendulum does not reach the upright position, because the calculated energy is larger than the true value of the energy. However, by setting the reference energy E n0 larger than the energy of the upright position with the velocity of zero, i.e., zero, the pendulum swings up until the upright position. On the other hand, if ω <ω and E n0 = 0, the calculated energy is smaller than the actual energy. Though the angular velocity is not zero, when the controller switches stabilization from swinging-up, the system states reach the stabilization area. In this section, as a compromise the desired energy E n0 is set to be 5, and the other design parameters are the same as those of the above simulation. Under the above condition, it is shown that swinging-up and stabilization control are achieved for the parameter variation ofω from 0.5ω to 4ω. The simulation results for the smallest valueω = 0.5ω and the largest oneω = 4ω are shown in Figs. 8, 9 and Figs. 10, 11, respectively. From Fig. 8 , the pendulum angle is confirmed to be settled into zero. In Fig. 9 , it is found that the normalized energy goes up to the desired value 5, and after the pendulum stabilize at the upright position, the normalized energy converges to zero. From Figs. 10 and 11, forω = 4ω the pendulum angle and the normalized energy is also stabilized. We also confirmed that our method successfully works for other value ofω from 0.5ω to 4ω. Due to the limitation of the space, however, these details in other parameters are omitted.
Consequently, the proposed control designed by using only the natural frequency has achieved both the swinging-up and stabilization of the inverted pendulum system. VI. ANALYSIS OF SWINGING-UP CONTROLLER In Section VI, it is proven that the normalized energy E n can be converged to the desired value E n0 if the gain K satisfies the condition K ≥ g Define the following function
Consider the case that the pendulum is swung up from the pendant position to the upright position by pumping the energy. When the normalized energy E n converges to the desired value E n0 , the absolute value of the angular velocity of the pendulum is calculated as |θ| = ω 2(E n0 − cos θ + 1).
From (36), the maximum amplitude of angular velocity is 12.13[rad/s] for E n0 = 0 and θ = π. Therefore, it can be considered that the function f varies within a range calculated from θ ∈ [−π, π],θ ∈ [−13, 13]. The time derivative of θ m as a function of the angular velocity that maximizes the function f is given bẏ θ m (θ) = arg maẋ θ {f (θ,θ)}. Fig. 12 showsθ m (θ) as a function of the pendulum angle θ varying from −π to π. Fig. 13 shows f (θ,θ m (θ)) derived from (37). From Fig.  13 , the maximum value of g 
VII. CONCLUSION
A normalized oscillation model and an energy model that are characterized by the natural frequency of the pendulum were derived. A swinging-up controller based on the normalized energy model was proposed for pendulum systems, and stability of the control system was proven by numerical analysis. Efficiency of the proposed method was shown by simulation for an inverted pendulum on a cart. Additionally, robustness for perturbation of the natural frequency was also confirmed.
